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SEMIEMPIRICAL METEOD FOR PREDICTING 

EFFECTS OF INCIDENT-REFLECTING SHOCKS 

ON THE BOUNDARY LAYER 

By S. Z. Pinckney 
Langley Research Center 

SUMMARY 

A method is presented for the calculation of the boundary-layer velocity 
profile change and various thickness parameter changes across a two-dimensional 
incident-reflecting shock. The method employs a one-dimensional hypothetical 
flow, representative of the boundary layer, in conjunction with a postulated 
boundary-layer shock model. Curves, calculated by using the method, are pre- 
sented for boundary-layer velocity profile, boundary-layer thickness, momentum- 
thickness and displacement-thickness changes across an incident-reflecting 
shock for a Mach number range from 2 to 6, a Reynolds number range based on an 
equivalent length from 3 . 3  X 105 t o  3 . 3  X 107, and incident shock-turning angle 
range from Oo to 12O. 
important incident-reflecting shock-boundary-layer interaction lengths. An 
outline of a procedure which can be followed in the practical application of 
the method is also included. 

Curves are also presented (empirically determined) for 

Comparison of the calculated velocity profile change (measured through the 
profile index change) and boundary-layer thickness change with experimental 
data gave good agreement. For example, the values of profile index change and 
boundary-layer thickness change are found to agree with data to within 10 per- 
cent or better for the Mach number range from 1.9 to 3.85, Reynolds number 
range based on an equivalent length of approximately lo7 to 10 8 , and incident 
shock-turning angles up to 13'. 

INTRODUCTION 

The optimum design and perfomce of inlets for hypersonic air-breathing 
propulsion systems present a number of problems of interest. 
design of such inlets requires methods for closely estimating the growth of the 
tixrbulent boundary layer across shocks in the inlet compression flow field. The 
present paper presents such a method for two-dimensional, incident-reflecting 
shocks which is based on the usual conservation equations and employs certain 
empirical representations of parameters. 
the method is regarded as a correlation procedure for determining the effects 

The successful 

In view of the empirical features, 
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of incident-reflecting shocks on the turbulent boundary layer as indicated by 
data available in the literature and by some unpublished data. 

A number of analytical investigations have been conducted on the changes 
in a turbulent boundary layer across incident-reflecting shocks which generally 
use one of two basic lines of approach. The first approach employs momentum 
integral methods of which the analyses of references 1 and 2 are examples. The 
second approach (for example, ref. 3 )  employs a one-dimensional hypothetical 
boundary layer representative of the real boundary layer together wlth a postu- 
lated boundary-layer shock model. 
available (see refs. 4, 5, and 6) which provide measurements of changes in 
velocity profile and various thickness parameters through the shock-interaction 
region for evaluating the accuracy of the theories. 

Sufficient experimental investigations are 

In general, the analytical methods of references 1 to 3 predict the veloc- 
ity profile change accurately but do not predict satisfactorily the boundaq- 
layer thickness change. 
to that of reference 3 and employs a one-dimensional hypothetical flow and a 
postulated boundary-layer shock model. 
permits the evaluation by empirical representations of the mass flow influx to 
the boundary layer due to turbulent mixing in the shock-interaction region, 
whereas the shock model of reference 3 does not include a means fqr the deter- 
mination of this mass influx. 

The present correlation method is similar in approach 

The shock model of the present analysis 

In the present correlation method the boundary layer upstream of the 
incident-reflecting shock is converted to an equivalent one-dimensional flow 
through use of the momentum, continuity, and energy relations by assuming 
exponential velocity profiles and the modified Crocco enthalpy distribution. 
A boundary-layer shock model is constructed employing conventional two- 
dimensional, weak shock theory along with empirical representations for impor- 
tant shock model dimensions which are based on schlieren and shadowgraph pic- 
tures and pressure survey data. Downstream of the shock model at the station 
where the theoretical pressure rise is realized in the real flow, the equiva- 
lent one-dimensional flow is converted back to the realboundary-layer flow 
and yields the velocity profile index and the velocity, momentum, and displace- 
ment thicknesses at this station. The empirical representations are required 
because turbulent boundary layers are not amenable to theoretical evaluation. 

The correlation method covers the ranges of independent variables avail- 
adiabatic-wall upstream Mach numbers able in the experimental data as follows: 

from 1.0 to 6.0, incident shock-turning angles from 00 to 12O, upstream values 
of velocity profile index from 4.6 to 11.5, and upstream Reynolds numbers 
(based on an equivalent length) from 3.4 X 105 to 2 X lo8. In addition to the 
dependent variables previously mentioned, the correlation method provides the 
significant geometric lengths of the interaction region, and the paper also 
presents a means of evaluating the velocity profile development in the 
constant-pressure mixing region downstream of the interaction region. 

A preliminary version of this paper was presented in reference 7; the 
present paper presents further refinements of data correlations made possible 
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by addi t ional  data  and addi t iona l  correlat ions of value t o  the  solut ion of the  
overa l l  incident-shock turbulent  boundary-layer in te rac t ion  problem. 

SYMBOLS 

CF 

cP 

CV 

LU 

M 

m 

NL 

average f r i c t i o n  coeff ic ient  f o r  turbulent flow 

specif ic  heat  of air  at  constant pressure 

spec i f ic  heat of air  a t  constant volume 

&1+-  ( Me2)1’2 

e f fec t ive  Mach number function, 
1 + Y%2 

s t a t i c  enthalpy, CPT 

boundary-layer shape fac tor ,  S*/ 8 

mixing constant 

lengths iden t i f i ed  i n  f igures  8 and 9 

distance required f o r  d i s tor ted  veloci ty  p r o f i l e  at s t a t ion  d t o  
re turn  t o  an equilibrium p r o f i l e  

distance from invisc id  in te rsec t ion  of incident shock w i t h  w a l l  t o  
most upstream point at which pressure r i s e  i s  detectable 

distance from most upstream point t he  shock pressure r i s e  i s  
detectable on w a l l  t o  point downstream of shock where pressure r i s e  
on w a l l  i s  0.99 of pressure r a t i o  across shock 

Mach number 

boundary-layer mass flow per un i t  area, s,’ pbVbd@) 

free-stream mass flow per  un i t  area, plVz 

p r o f i l e  index value corresponding t o  an exponential ve loc i ty  p r o f i l e  
having same value of m/mZ as that  of an ac tua l  p r o f i l e  

1/ NL 
exponent of an exponential ve loc i ty  p r o f i l e  5 = (g) which f i t s  

V l  
as much of an ac tua l  boundary-layer ve loc i ty  p r o f i l e  as possible 
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profile index value corresponding to an exponential velocity profile Ncpl% having the same value of q/cpz as that of an actual profile 

P pressure 

AP theoretical overall static-pressure rise across incident and 
reflecting shocks 

dynamic pressure, - PV2 
2 9 

r adiabatic-wall recovery factor for turbulent flow (assumed 
to be 0.896) 

R gas constant 

Reynolds number based on x Rx 
Reynolds number based on 6 R6 

Re Reynolds number based on 0 

T temperature 

v velocity 

W boundary-layer mass flow, pbvb dy 
6 

X distance measured in direction of free-stream flow parallel to a 
plate 

Ax increment in the x-direction 

Y perpendicular distance from wall 

distance from wall to intersection of wall shock and incident shock y1 

a single shock-turning angle, deg 

extra compression angle, deg 4 
P shock wave angle, deg 

P '  shock wave angle for portion of incident and reflecting shocks 
between wall and intersection of incident and reflecting shocks 

Y ratio of specific heats (1.4), Cp/Cv 
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6 

6 " 

thickness of boundary layer at point where = 1.0 
v2 

vb 0.99 c= thickness of boundary layer at point where 

6; boundary-layer thickness as indicated in figures 8 and 9 

E* 

T) 

displacement thickness, 

boundary-layer energy parameter, s,' %Vb3d(g) 

free-stream energy parameter, pZV2 3 
72 

e momentum thickness, 

P mass density 

total momentum flux per unit area in boundary layer, p2 % 

cp boundary-layer momentum parameter, s," PbVb2a@) 

2 '4. free-stream momentum parameter, p2V2 

Subscripts: 

A,B successive shocks 

b boundary layer 

d maximum pressure rise point on wall downstream of an incident- 
reflecting shock 

e equivalent 

eq equilibrium 

E station where the boundary layer reaches an equilibrium velocity 
profile downstream of station d 
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incompr e s s i b  l e  

l o c a l  f r e e  stream 

stagnation conditions 

3 

X 

s t a t ion  upstream of a shock-boundary-layer in te rac t ion  where the  
pressure rise i s  f i r s t  detectable  on w a l l  

corresponding t o  an exponential ve loc i ty  p r o f i l e  having as an 
exponent 1/7 

longi tudinal  s t a t ion  as iden t i f i ed  i n  f igure  l ( c )  

axial locat ion 
1 

Primed values are a t  s t a t ion  6d unless otherwise defined. 

ANALYSIS 

Analytical  Boundary-Layer Shock Model 

If t h e  supersonic flow over a p l a t e  w e r e  inviscid,  the  pressure r ise on 
the  p la te  generated by an in te rsec t ing  incident-ref lect ing shock would be 
instantaneous (at s t a t i o n  2 of f i g .  l ( a ) )  and thus cover an inf in i tes imal  dis- 
tance. I n  the  real  flow, however, a boundary layer  e x i s t s  next t o  the  p l a t e  
and contains low k ine t i c  energy and low Mach number flow i n  i t s  lower regions. 
The low k ine t i c  energy flow does not contain su f f i c i en t  momentum t o  t raverse  
the  pressure rise of t h e  shock without gaining addi t ional  k ine t ic  energy from 
the  outer layers  of t h e  boundary layer .  Thus, a spreading out of t he  shock 
pressure r ise occurs t o  provide the  distance needed t o  add the  necessary 
k ine t i c  energy by turbulent  mixing. 
pressure d i s t r ibu t ion  of f i gu re  l ( a )  where t h e  pressure r i s e  produced by t h e  
shock starts a t  s t a t ion  1 and a m a x i m u m  value i s  reached a t  s t a t ion  d and it  
corresponds t o  the  theo re t i ca l  inv isc id  f low's  shock pressure rise. A s  shown 
i n  figure l ( a ) ,  there  may be an inf lec t ion  near t he  middle of t he  w a l l  pressure 
d is t r ibu t ion  curve i f  t h e  shock s t rength i s  su f f i c i en t  t o  produce separation. 

This phenomenon i s  i l l u s t r a t e d  by t h e  

The complicated shock pa t te rn  within the  boundary layer produced by the  
spreading out of t h e  shock pressure r ise  i s  i l l u s t r a t e d  i n  the  bottom sketch 
of f igure  l ( a )  which i s  based on shadowgraph and schl ieren observations; ty-pi- 
c a l  shadowgraph and schl ieren pictures  obtained under contract  NAS1-3489 by 
General Dynamics Corporation are shown i n  f igu re  l ( b ) .  
approaches the  boundary-layer edge from the  l e f t  and curves a f t e r  enter ing the  
boundary layer  t o  produce higher shock angles with higher turning angles at  the  
lower Mach numbers of t he  boundary layer .  The increasing angle of the  incident 
shock after enter ing the  boundary layer  i s  a result of t h e  boundary-layer shock 
attempting t o  match t h e  free-stream pressure r i s e .  
k ine t i c  energy regions of the  boundary layer  caused by the  adverse pressure 
gradient r e s u l t s  i n  a shock being i n i t i a t e d  upstream i n  t h e  v i c in i ty  of t he  

The incident shock 

The thickening of t he  low 
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wall (wall shock) which turns the flow away from the wall. This shock crosses 
the incident shock, proceeds toward the free stream, and forms the reflecting 
shock. Near the edge of the boundary layer, the wall shock is joined by addi- 
tional expansion and compression waves which originate within the boundary 
layer. In actual boundary-layer shock configurations, the extension of the 
free-stream incident shock to the w a l l  (inviscid intersection with wall), sta- 
tion 2, is a convenient reference point for longitudinal dimensions. The 
length of the interaction region upstream from the reference point is & and 
the total length &. 

Figure l(c) shows the selected analytical boundary-layer shock model to 
be similar to the one indicated by shadowgraph and schlieren pictures. In 
order to avoid an analysis involving curved shocks, the boundary-layer flow at 
station 1 of the analytical model is converted to one-dimensional equivalent 
flow through the use of integrated values of mass, momentum, and energy corre- 
sponding to the profile index N. 
the two-dimensional shock system of the analytical model by using existing two- 
dimensional shock tables. At an appropriate downstream station, the uniform 
equivalent flow is converted back to boundary-layer flow by the reverse process. 
Integrations involved in converting back and forth from boundary-layer flow to 
equivalent flow were made by assuming exponential velocity profiles and a modi- 
fied Crocco enthalpy distribution as presented in reference 8. 

The one-dimensional flow is then treated with 

The orientation of the incident and wall shocks in the analytical model 
(fig. l(c)) is fixed by locating the intersection of the two shocks at a dis- 
tance from the wall Y1 
obtained from schlieren and shadowgraph pictures. 
produces a void region (cross-hatched) adjacent to the wall which in the real 
flow corresponds to a low kinetic energy flow (in some cases separated). 

corresponding to an empirical correlation of data 
This analytical shock model 

Up to station d' no mass flow has been added to the boundary layer; how- 
ever, data indicate that by the time the flow reaches station d, a considerable 
mount of mass-flow addition has occurred. In the attempt to determine a means 
for estimating the mass addition between stations d' and d, it was noted that 
if the mass-flow addition were assumed to be that required to fill the void 
region at station d' at conditions corresponding to the equivalent flow at sta- 
tion d', a total mass flow at station d' was obtained which experimental data 
showed to be 8 to 12 percent less than the measured mass flow at station d. TO 
eliminate this discrepancy between calculated and actual mass addition, the 
strength of the wall shock was increased by stipulating a turning angle greater 
than the angle % by the small angle ai. By increasing the turning of the 
wall shock by the amount 
measure of the necessary mass addition. It was found that good agreement was 
obtained between experimental data and the computed thickness change when it is 
assumed that ai is equal to 2O for a2 2 3 O  and equal to &xi for a1 5 3O. 

The assumption of a linear variation of a{ for a2 2 3O was made in order to 
keep the extra turning angle 
turning ang le  a.2. 

4, the void region height was made to be a direct 

3 

6 less than the free-stream incident shock 
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As a result of the preceding considerations, the wall shock of the analyt- 
ical model (fig. l(c)) has a turning angle of 
portion of the incident shock has a turning angle of 
void region at station d' is a direct measure of the mass-flow addition between 
station d' and station d. The equivalent flow at station d' is turned out from 
the wall by the amount ai. The expansion wave with turning 6 originates at 
the shoulder of the void region and produces flow parallel to the wall at all 
locations downstream of station 3 .  Calculation of the turning angle ab by 
the methods outlined in a later section also yields a value of the velocity 
profile index N3 
experimental data indicated to be equal to 

ab + 4 and the boundary-layer 
The height of the ab. 

(corresponding to equivalent flow at station 3 ) ,  which 
Nd. 

For simplicity in the present analysis all the mass-flow addition is 
assumed to occur in the mixing region downstream of station 3, as indicated in 
the sketch of figure l(c), although in the real case the mass addition starts 
in the vicinity of station d'. Under this assumption the results of the analy- 
sis show that the values computed for % by using the extra turning angle CY$ 

and the conditions at station 3 are correct and that N 3  is equal to Nd. 
Therefore, in the region between stations 3 and d, the velocity profile 
remains constant while the mass-flow addition occurs. The boundary-layer 
thickness at station d 6d is determined by incorporating the mass-flow addi- 
tion in a simple continuity relation between stations 1 and d. 
layer parameters of interest at station d are readily determined from Nd and 
6d. In the calculation of 6d and Nd, the effects of the wall friction were 
assumed to be negligible inasmuch as this condition seemed to be an unnecessary 
complication in view of the empirical features of the method. 

Other boundary- 

The assumption that the height of the void region at station d' is a 
direct measure of the mass-flow addition is considered to be reasonable in view 
of the general character of the phenomena. The size of the void region is a 
direct function of the location of the intersection of the incident and wall 
shocks with respect to the wall; the location of the intersection in turn is 
determined by the effect on the boundary layer of the adverse pressure gradient 
induced by the incident shock. Furthermore, the height of the void region at 
station d' relative to the boundary-layer thickness is a measure of the dis- 
tortion of the boundary layer of the real flow and thus a measure of the rate 
of turbulent mixing. 

The model static-pressure distribution for the equivalent boundary-layer 
flow is shown in figure l(a). As a two-dimensional shock model was assumed in 
the present analysis for a boundary-layer shock model, all pressure changes in 
the equivalent boundary-layer flow will be instantaneous and thus of infini- 
tesimal length. At station 1 the free-stream static pressure is converted to 
the static pressure of the equivalent boundary-layer flow which is slightly 
lower than the free-stream static pressure. The analytical shock model is then 
traversed by the equivalent boundary-layer flow until station d is reached and 
then the static pressure of the equivalent flow is converted back to the actual 
static pressure. The only criterion relative to static pressure that is incor- 
porated in the correlation method is that the overall static-pressure rise 
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between stations 1 and d is the same as that for the real flow. The differ- 
ences, at stations 1 and d, between the magnitude of the static pressure of the 
actual boundary layer and the static pressure of the equivalent boundary layer 
are inherent in the method chosen for the conversion to one-dimensional flow. 

Definition of Characteristics of Undisturbed Boundary 

Layer Upstream of Shock-Pressure Rise 

The first step required by the present method is the determination of 
integrated values of mass, momentum, and energy corresponding to the profile 
index N of the undisturbed upstream boundary layer for the purpose of con- 
verting this boundary layer to equivalent one-dimensional flow. The preferred 
procedure for the determination of these integrated parameters would involve 
the use of a single simply determined parameter. The Reynolds number correla- 
tion of the profile index 
eter; an example of this type of correlation is presented in figure 18 of ref- 
erence 9. The velocity profile parameter NL is the exponent of an exponential 

velocity profile vb - = ($'NL which is the best fit of the actual boundary- 

layer velocity profile. The correlation of the profile index NL in terms of 
Reynolds number Rxe is presented in figure 2. The equivalent Reynolds num- 
ber R,, of each data point of figure 2 is based on the length of flat plate 
xe at local free-stream conditions required to obtain the momentum thickness 
of the station with turbulent boundary layer from the plate leading edge. The 
experimental data of figure 2 include data from references 9 to 14 as well as 
some data obtained under contract NAS1-3489 with General Dynamics Corporation; 
these experimental data cover a Mach number range from 0 to 6. 
shown in figure 2 was obtained from an empirical representation for incom- 
pressible equilibrium velocity profiles of reference 6 and seems to describe 
the compressible experimental data very well. In choosing experimental data 
for figure 2, data were chosen which were believed to be essentially for flat- 
plate undisturbed flow and thus also have equilibrium velocity profiles. Com- 
parison of all data reveals no Mach number effect on the profile index in 
the Mach number range considered. 

NL presents a method for evaluating such a'param- 

V l  

The curve 

NL 

As shown in figure 2, experimental data exist from which the profile 
index NL can be obtained for a very broad range of Reynolds numbers. In the 
correlation method of the present analysis, however, the parameter N and not 
NL is used to determine the integrated values of boundary-layer mass flow, 
momentum, and energy in a manner similar to the method used in formulating the 
tables of reference 8. The profile index N corresponds to an exponential 

profile having a value of 2% = 
m2 

identical with that of the 

actual boundary layer. A curve representing the relationship between NL and 
N 
and is presented in figure 3 along with some example data points (obtained 
under Contract NASl-3489). 

was obtained from an empirical correlation of the existing experimental data 
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Conversion to Equivalent One-Dimensional Boundary-Layer Flow 

A n  equivalent one-dimensional boundary-layer flow, for the purposes of the 
present analysis, is defined as a one-dimensional flow which has a value of 
total mass flow equal to the corresponding integrated values of the actual 
boundary layer; this equivalent one-dimensional flow has the same values of 
momentum and energy which correspond to a boundary layer with an exponential 
profile (exponent N) and the same mass flow as the actual boundary layer. In 
ensuing comparisons of the results from the present correlation method and 
experimental data, it was not found necessary to match the momentum and energy 
in the one-dimensional flow with that of integrated values from the actual 
boundary layer to obtain significant results. 
lent one-dimensional Mach number derived in appendix A in a form similar to 
the mass momentum method of reference 15 is as follows: 

The expression for the equiva.- 

where 

Equation (1) shows that the equivalent Mach number is a function of the veloc- 
ity profile index N and the corresponding integrated values of mass, momentum, 
and energy as defined in appendix A .  
boundary layer upstream of the shock system (station 1 of fig. 1) to a one- 
dimensional equivalent flow, the value of N for equilibrium velocity profiles 
is obtained as described in the previous section. For nonequilibrium velocity 
profiles, the value of N must be determined by some other method. Values of 
the integrated boundary-layer parameters may be obtained from figures 4 to 6 
as a functicm of Mach number at the edge of the boundary layer 
profile index N. 
formed on a digital computer; the modified Crocco enthalpy distribution of ref- 
erence 8 was assumed in the computation of figures 4 to 6. Solutions for equa- 
tions (1) and (2) were also obtained in the computations and are presented in 
figure 7 in terms of Mz - M, as a function of N and Mz. 

In using equation (1) to convert the 

MI and the 
The calculation of the curves of figures 4 to 6 was per- 

Values of other equivalent flow parameters can be obtained by using 

can be obtained from the momentum equation (appendix A)  as 

&, 
N, 
pressure pe 
follows : 

M2, and other appropriate equations. For example, the equivalent static 
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Boundary-Layer Shock-Turning Angle and P ro f i l e  Index Change 

After t he  upstream boundary layer  i s  converted t o  equivalent one- 
dimensional flow, the  next s tep  i n  t h e  correlat ion method i s  t o  es tab l i sh  a 
procedure f o r  computing the  turning angle % of the  individualboundary-layer 
shocks. The c r i t e r i a ,  from which the computation of c.4, i s  developed, have as 
t h e i r  bas i s  the  matching of t h e  overa l l  s ta t ic-pressure r i se  through the  bound- 

ary layer 

the  shocks and expansion outside of t h e  boundary layer  - . A t  s t a t ion  3 

of figure l ( c ) ,  t he  pressure changes have been completed i n  both the  boundary 
layer  and free stream and no mass-flow addi t ion t o  the  boundary layer  has 
occurred i n  the  shock model. The calculat ions f o r  ab w i l l  be performed 
between s t a t ions  1 and 3 ( f ig .  l(c)) instead of between s ta t ions  1 and d. Sta- 
t i o n  d i s  not a su i tab le  downstream s t a t i o n  as t h e  mass flow added t o  the  
boundary layer  i n  the  mixing region between s t a t ions  3 and d cannot be deter-  
mined u n t i l  ab i s  known. 

with the  theo re t i ca l  ove ra l l  s ta t ic-pressure r ise through 

(::::)1 

The value of the  overa l l  s ta t ic-pressure r i s e  through the  shocks 

and expansion i n  the  f r e e  stream can be determined from two-dimensional shock, 

( 2 ) b  
t ab le s  (ref. 16), but t h e  means of obtaining the  overa l l  pressure r i s e  

through t h e  equivalent boundary layer  i s  more complicated. 
i n  the  boundary layer  include pressure r a t i o s  associated with converting t h e  
real boundary layer  t o  one-dimensional flow and back again. 
sure r ise  through the  boundary layer  i s  as follows: 

The pressure changes 

The overa l l  pres- 

A s  outl ined i n  t h e  previous section, t he  value of t he  r a t i o  (?)l can be 

determined from the  values of M Z , ~  and N1 which are known. The net  pres- 
- 

sure r i s e  through the boundary-layer shocks ys (which includes the  w a l l  
%,1 

shock with a turning of 
and an expansion with turning of 

angle ab. The pressure r a t i o  cannot be evaluated u n t i l  t h e  s t a t i o n  3 

c9, + u., t he  incident  shock with a turning of cq, 
a&) i s  a function of t he  unknown turning 
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equivalent Mach number Me,3 is known and Me,3 also is a function of sib- A 
trial-and-error method of solution must be used where an arbitrary series of 

is deter- pe, 3 values of ab are assumed. For each value of ab, the ratio - 
Pe,1 

mined from figures 7 and 5 and from equation (3). The value of ub is 
selected from the series of values assumed either by graphical or analytical 
procedures which satisfy the criteria 

Me, 3 The selected values of will correspond to specific values of 
is a result of the two-dimensionalboundary-layer shock e, 3 and N3 where M 

calculations and N3 is determined from figure 7. Experimental data show that 
the value of N3 so determined is equal to Nd. 

Geometry of Analytical Shock Model 

The mass-flow addition to the boundary layer due to turbulent mixing 
through the shock system is essential in the accurate calculation of the 
boundary-layer thickness change across the shocks. The method chosen for the 
calculation of this mass-flow addition has certain empirical features; there- 
fore, a boundary-layer shock model as similar as possible to that of the actual 
flow is used. Schematics of this shock model are presented for a weak incident 
shock in figure 8 and for a strong incident shock in figure 9. One of the 
critical dimensions in the diagrams of figures 8 and 9 is the distance from the 
wall to the intersection of the incident and wall shocks; the intersection 
point is within the boundary layer in figure 8 and external to the boundary 
layer in figure 9.  This dimension Y1, as well as other important dimensions 
of the shock model required to determine the boundary-layer shock geometry, is 
not amenable to determination by analysis. Therefore, an empirical representa- 
tion for Yl, as well as for two other important dimensions of interest L, 
and Lt, is developed by using data from references 4, 5, 10, 12, 17 to 22, 
data obtained at Ames and Langley Research Centers, and data obtained by 
General Dynamics under contract msi-$89. The dimensions L, and L!.t are, 
as defined in figure 1, the upstream and total lengths of the pressure gradient 
imposed on the wall by the shocks. 

The determination of Y1, or - is accomplished through the use of an 

y1 and a family of empirically determined 

61’ 

r, empirically determined curve for 

curves for - L. m e  correlation curve for ‘1 - is presented in figure 10 
61 L, 
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'1 i s  given as a function of - ; the  parameter Ap i s  the  theore t i -  Izl %,1 
where 

cal overa l l  s ta t ic-pressure r i s e  across t h e  incident and r e f l ec t ing  shocks 
external  t o  the  boundary layer .  

Reynolds numbers are detectable  f o r  

mensional upstream length of the  in te rac t ion  region 

p l o t s  of the  aforementioned references and are presented i n  f igu re  l l ( a )  . 

N o  systematic trends with changes i n  Mach o r  

The family of curves f o r  the  nondi- 

i s  taken from cross- 

I n  

T 
61 

AP 
q 2 , 1  

the  curves of f igure l l (a ) ,  - i s  again the  independent parameter and the  

curves are f o r  given values of M2 and R e  a t  s t a t ion  1. To avoid confusion, 
no data  points  a r e  shown i n  f igure  l l (a ) ;  the  correspondence with experimental 
data  i s  presented i n  f igu re  l l ( b ) .  

I n  f igures  12(a) t o  12(c)  cross-plots of t he  nondimensional length param- ' 

were obtained by using the  data of references 4, 5 ,  10, 12, 17, 18, e t e r  

19, and 22, and unpublished data  obtained a t  Ames Research Center. The range 
of Reynolds number, Mach number, and turning angle of t he  experimental data  
used t o  determine t h e  correlat ions of t he  shock-interaction length param- 

Lt 
61 

eter - Lt i s  presented i n  t ab le  I. The points  i den t i f i ed  i n  f igures  12(a)  t o  

12(c)  by symbols are not experimental points  but  points  from cross-plotted 
experimental data.  The l i m i t  curve shown f o r  attached shocks i n  f igure  12(a) 
w a s  determined from figure 4 of reference 23 corresponding t o  wedges. 

ure 12(c) shows t h a t  extrapolation of experimental r e s u l t s  obtained f o r  

Reynolds numbers not covered by experimental da ta  i s  not advisable. 

61 

Fig- 

& t o  
61 

TABLE I. - W G E  OF VARIABLES USED IN EMPIRICAL 

DETERMINATION OF 5 CURVES 
81 

Reference 

Unpublished 
Ames data 

28 

5 

4 

13 

9 

11 

22 

18 

Mach number 
range 

2.58 t o  4.02 

2.95 t o  4.80 

2.97 

2.99 

1.44 

3.85 

2-99 

3.0 

3.0 

Turning angle 
range 

8 O  t o  U.5O 

6O t o  9.5O 

70 t o  120 

40 t o  100 

1.5' t o  6.5O 

40 t o  100 

8.4O to 11.60 

6.60 to 8.l0 

6.6O to 8.0° 

teynolds number range, Rg 

1.95 x 104 to 7.5 x 1.04 

1.18 x lo4 to 1.60 x 105 

2.65 x 105 

1.60 x 105 

1.49 x 104 
5.15 x 105 

5.81 x 104 

3.14 x 105 

3.98 x 105 

I I 



In summary, the determination of the important length parameters Y1, h, 
and Lt of the shock model is accomplished through the use of the empirical 
curves of figures 10, 11, and 12. The determination of these length param- 
eters, in conjunction with the equivalent one-dimensional flow properties at 
station 1 and the turning angles ab and a{, provide sufficient information 
to determine shock diagrams similar to those of figures 8 and 9, either analyt- 
ically or graphically, upon using conventional shock tables (ref. 16) to deter- 
mine the shock angles. 

Boundary-Layer Thickness Change 

The initial step required to determine the boundary-layer thickness change 
between stations 1 and d is the determination of the mass-flow addition to the 
boundary layer between stations 3 and d. (See fig. 1.) It was found that the 
height of the void region at station d' is a direct measure of this mass-flow 
addition to the boundary layer. Station d' is defined as the station at the 
point where the wall shock intersects the edge of the boundary layer or at the 
point where the incident shock intersects the edge of the void region, which- 
ever is further downstream. 
equivalent flow conditions at station d' in conjunction with the height of the 
void region at station d'. Therefore, the ratio of mass flow at station d to 
that at station 1 is given by 

The mass-flow addition is computed by using the 

Y - 1  
Me.d' 
A I  I 

\1 + 2 Me,12/ 

where all the values of the equivalent flow parameters are obtained by the 

method outlined in a previous section. The quantity - 6d' can be evaluated 
61 

graphically or analytically by the methods outlined in appendix B. 

The boundary-layer thickness ratio - 6d can be evaluated by the following 
61 

equation: 

where the values of all parameters were determined previously. 

the values of 

respectively, to N 1  and Nd. 

14 

Specifically, 
are determined from figure 4 corresponding, 

($)1 and (g)d 



Boundary-Layer Growth Downstream of Station d 

In the determination of the growth of the turbulent boundary layer through 
an incident-reflecting shock system, the development of the turbulent boundary 
layer should be considered from station 1 to some downstream station where the 
velocity profile has returned to approximately an equilibrium profile. 
choice of this downstream station is necessary because at the point on the wall 
where the theoretical static-pressure rise through the shocks has been realized, 
station d, the boundary-layer velocity profile may be very distorted and thus 
Nd Thus, 
the next step in estimating the boundary-layer growth must include a means to 
determine the distance from station d to the station where the velocity profile 
has reached a near-equilibrium value. This step should also include a means of 
determining the velocity-profile development as well as the changes in impor- 
tant boundary-layer parameters through this mixing region. 

The 

w i l l  be considerably lower than the corresponding equilibrium value. 

An empirical equation for the change in the boundary-layer shape param- 
eter in the mixing region downstream of station d is presented in reference 24 
for incompressible flow: 

It was assumed in reference 24 that the equilibrium profile would correspond to 
an N of 7 and that K has a value of 0.23 for incompressible pipe flow. 
Equation (7) presents a means for determining both the required length of the 
mixing region and the velocity-profile development through the mixing region. 
However, as shown in figures 2 and 3, the equilibrium value of N is a func- 
tion of Reynolds number and does not necessarily have a value of 7; therefore, 
equation (7) is modified as follows: 

Ax -K- 
- 'd = 

- .]e 

corresponds to the equivalent Reynolds 

by using the procedure given 
( H 4 d  

The equilibrium shape parameter 

number (Rxe)d which can be evaluated from R 
in appendix C. The constant K has been evaluated fromthe data of refer- 
ences 5, 25, 26, 27, 20, 24, and 28 and from data obtained under contract 
NAS1-989; the results are presented in figure 13. The values of the shape 
parameter H kith is equal to E) used in equation (8) to solve for the 
experimental values of 
by using the experimental values of N through the constant-pressure mixing 
region. The equilibrium profile index Neq used in equation (8) for the 
determination of experimental points of figure 13 corresponds to the Reynolds 

8,d 

8 
K presented in figure 13 were obtained from figure 14 



number R e  
constant-pressure mixing region. 

of t he  most upstream experimentally invest igated point of t h e  

Equation (8) indica tes  t h a t  Ax may approach i n f i n i t y  before an equi l ib-  
r i u m  p r o f i l e  i s  reached. 
necessary length of t h e  constant-pressure mixing zone, it i s  a r b i t r a r i l y  

I n  order t o  obtain a p r a c t i c a l  solution as t o  the  

assumed t h a t  t h e  shape fac tor  H 
equal t o  Heq + 0.10(% - Heq, d) . 
be rearranged t o  give 

i s  allowed t o  develop u n t i l  it has a value 
By using this assumption equation (8) can 

Leq 2.302 
6d K 
- = -  ( 9 )  

where Leq i s  a spec i f ic  value of Ax. Equation (9) provides a means f o r  
estimating the  length Leq downstream of s t a t i o n  d required t o  reach a near- 
equilibrium shape f ac to r .  The value of K corresponding t o  the  value of Neq 
chosen f o r  s t a t ion  d i s  determined from f igu re  13. The value of Neq chosen 
f o r  s t a t ion  d i s  the  value of t he  p r o f i l e  index which would be obtained on a 
f la t  p l a t e  with the  same value of R e  as s t a t ion  d; t he  d e t a i l s  of obtaining 
Neq and thus Heq are presented i n  appendix C. 

The longi tudinal  s t a t ion  at dis tance Leq downstream of s t a t ion  d i s  
assumed t o  correspond t o  an equilibrium shape f ac to r  and i s  designated sta- 
t i o n  E. "he increase i n  the  boundary-layer thickness between s t a t ions  d and 
E i s  produced by t h e  mixing ( i n  addi t ion t o  the  mixing between s ta t ions  3 and 
d)  of a s igni f icant  amount of free-stream flow with the  boundary layer  t o  pro- 
duce a near-equilibrium veloci ty  p r o f i l e  at  s t a t i o n  E. This thickness change 
can be evaluated by assuming a constant-pressure process and by omitting the  
e f f ec t s  of w a l l  f r i c t i o n .  Since with these assumptions there  are no external  
forces  on the  boundary layer  between s t a t ions  d and E, there  i s  no change i n  
the  integrated momentum of the  boundary layer  and thus no change i n  the  momen- 
t u m  thickness 0 .  Therefore, the boundary-layer thickness calculat ion i s  as 
follows : 

The value corresponds t o  t h e  equilibrium value of N at  s t a t ion  d and 

. The value of equilibrium N a t  s t a t ion  d w a s  pre- i t s  corresponding N 

viously described i n  connection with equation (8) but t he  corresponding value 

of N9/cp2 
(Example experimental da ta  are a l s o  shown i n  f i g .  15.) The value of the  pro- 
f i l e  index N 

ac tua l  veloci ty  p ro f i l e  i s  chosen t o  be the value of N which corresponds t o  

'pi 'p2 

i s  obtained from the  empirically determined curve of f igure  15. 

of figure 15 associated with each value of N and thus each 
'pl'pz 

16 



2 
an exponential profile having a value of - cp = pbvb2 d(g) identical with 

'PZ 
that of the actual boundary layer. 
nonequilibrium zero-pressure-gradient velocity profiles, the values of 

and ($E are then evaluated by using figures 4 and 5 and the correct values 
of N and N 

Since the curve of figure 15 also holds for 

($)d 

along with the expression 'PI% 

As noted, the preceding calculation omits the growth in the momentum thick- 
ness 8 due to wall friction along the mixing length. If desired, this effect 
can be estimated by using standard methods for evaluating the friction coeffi- 
cient and the results are modified accordingly. 

The length estimated by equation ( 9 )  when added to the length Lt of fig- 
ures 12(a) to 12(c) provides an estimate of the overall length of r u n  of bound- 

ary layer disturbed by an incident-reflecting shock. 

6d of equation ( 6 ) ,  evaluated by equation (lo), when multiplied by the value of 

provides a means of determining the overall thickness change chargeable to an 
incident-reflecting shock. Also shown by this section is that two successive 
incident shocks, designated A and B, which might occur in an inlet compression 
field, for instance, should be separated by a distance D where 

6E The thickness ratio - 

61 

if an equilibrium velocity profile is to enter shock E. 

RESULTS AND DISCUSSION 

Profile Index Change 

The present method for calculating the change in velocity profile across an 
incident-reflecting shock is based on the assumption of exponential turbulent 
velocity profiles; the exponent N was selected as the profile index. The 
values of 
tial profile having the same as the actual profile. Since turbulent 

boundary-layer velocity profiles a r e  not exactly exponential, the accuracy of 
the results obtained by using this assumption is of interest. Figure 16 pre- 
sents a comparison of experimental values of profile index at station d of 

N used in the method correspond to a mathematically exact exponen- 

m2 

L 

i 



references 4, 5, and 25 as well as the data obtained under contract ms1-3489 
with curves computed by the present method. 
presented in figure 16 has nonequilibrium upstream velocity profiles; these data 
are identified on the figure. 
is approximately 10 percent which is considered to be ample substantiation of 
the method. 

A portion of the experimental data 

The greatest discrepancy between data and curves 

The changes in profile index parameters across incident-reflecting shocks 
have been computed by procedures outlined in previous sections for a systematic 
variation in values of the prime variables. 
shock-turning angle or pressure ratio, upstream Mach number, and upstream pro- 
file index N1. The purpose of the computations is to illustrate in detail the 
effects of the independent parameters and to furnish values of parameters to be 
used in the application of the method. 
index Nd are presented in figures l7(a) to l7(c) for N1 values of 5 ,  7, and 
9, respectively. The profile index Nd curves of figures 17(a) to 17(~) are 

presented as a function of overall pressure ratio 

Mach number MZ,l; superimposed on figures l7(a) to l7(c) are curves of constant 
turning angle az .  
function of pressure ratio is a strong function of Mach number. 
study of the slopes of the shock-turning-angle curves shows that most of the 
Mach number dependence would be removed by expressing 'Nd as a function of 5 ;  

These variables include incident 

The computed values of the profile 

pl d 

pz,1 
2 for curves of constant 

Results show that the profile index when expressed as a 
However, a 

in fact, Na 

constant Mach 
index Na is 

sub s tantially 

p2 d was deliberately plotted against 

number for easy viewing. 
a strong function of upstream profile index Nl; Nd increases 

to spread the curves for 
pz,1 

Results also show that the profile 
- 
'Z,d as N1 increases from 5 to 9 for the same MZ,l and -. 
pz,1 

The computations for Nd do not extend below a value of 1.23 because 
according to reference 29, separation w i l l  always occur for lower values of 
at least for incompressible flow. 
boundary-layer separation under incident-reflecting shocks derived from refer- 
ence 10 is given in figure l7(b) for N1 
the data of reference 10 to the variables of figure l7(b) is given in appendix D. 
This separation curve indicates that separated flow occurs somewhere in the 
shock system for values of 
criteria of reference 29 indicate that the flow at station d would have 
reattached for these cases. 

N, 
An empirical curve for compressible turbulent 

of 7. The method used for converting 

Nd ranging from 2 to 3 whereas incompressible 

Changes in Boundary-Layer Thickness Parameters 

From Station 1 to Station d 

The experimentalboundary-layer thickness change data of references 4, 5, 
17, and 21 as well as data obtained under contract ms1-$89 are compared in 

18 



figure 18 with curves computed by using the present method; figure 18 presents 
calculated and experimental thickness changes as a function of free-stream 
turning angle a2. 
boundary-layer velocity profiles at station 1 (fig. 1); these nonequilibrium 
data are identified on the figure. In these cases the curve representing the 
present method was computed by using the actual values of N 1  and Re and 
satisfactory agreement was obtained. 
to equilibrium velocity profiles at station 1. Agreement with data is within 
10 percent which is considered to be adequate substantiation of the method. 

Some of these data do not correspond to equilibrium 

All other data of figure 18 correspond 

The results of systematic computations of the boundary-layer thickness 
change across incident-reflecting shocks are given in figures l9(a) to l9(c), 
respectively, for N1 values of' 5, 7, and 9 and Rxe values of 3.3 X 105, 

3 . 3  x lo6, and 3 . 3  X 107; these curves are for equilibrium boundary-layer 
velocity profiles at station 1. The calculations were limited to Mach num- 
bers M2,1 

of of figure ll(a) . In general, the curves of - decrease initially, go 
through a minimum, and then increase as a2 is further increased. The 

increasing values of 

boundary layer produced by the severe distortion of boundary-layer velocity 
profiles at high turning angles. 

corresponding to minimum values of - generally increases with Mach number 
M2,1. The results also show the effect of Reynolds number or N1 on the 

boundary-layer thickness ratio - is small for equilibrium velocity profiles 

at station 1. 

up to 5.0 because of the limitations of the empirical correlation 

61 61 

- 6d are caused by high rates of mass influx into the 
61 

The results show the .turning angle % 
&d 
81 

61 

A separation curve corresponding to that of figure l7(b) is shown on fig- 
ure l9(b); in general, separation occurs under the shock at higher values of 

turning angle than those corresponding to minimum values of 

design, however, shock-turning angles smaller than those corresponding to mini- 

m -  6d values are generally of interest because of a need of higher total- 

pressure recoveries in the inviscid flow than could be obtained with the shock- 

turning angles corresponding to minim - values. 

-. 6d In inlet 
61 

61 

The results of computations of the momentum thickness change - ed and 

displacement thickness change - corresponding to the boundary-layer thick- 
ness change curves of figures l9(a) to l9(c) are presented, respectively, in 

81 

6*1 



f igures  20(a) t o  20(c)  and 21(a) t o  2 l ( c ) ;  these curves are a l so  f o r  equi l ib-  
r i u m  p ro f i l e s  a t  s t a t i o n  1. The curves of figures 20 and 21 were calculated by 
using t h e  following equations: 

6d 
61 

!The values of are obtained from f igures  l g ( a )  t o  l 9 ( c )  whereas the  values 

of - a re  determined from equation (11) and the  values of - a re  determined 

from the  following equation: 

- 
6* 

6 6 
e 

The values of 

by using, t o  determine s t a t i o n  1 values, t h e  value of t h e  p ro f i l e  index a t  
s t a t ion  1, N1, and by using, t o  determine s t a t i o n  d values, the value of t he  
p ro f i l e  index at  s t a t i o n  d, Nd, obtained from figure 17. The values of 9 
used i n  equation (11) f o r  s t a t ions  1 and d are obtained from f igure  5 using the  
values of N 

N d  values. 

used i n  equations (11) and (14) are obtained from figure 4 
ml 

' p l  

determined from f igu re  15 corresponding t o  these N 1  and 
V/'pl  

I n  general, t h e  curves of - and 5 behave i n  a similar manner t o  
81 6*1 

those of the thickness change - curves; however, t h e  minimum values of both 
6 ,  I 

and - '*' occur a t  lower turning angles. This observation i s  important as ed - 
8 1  6*1 
shocks with turning angles smaller than those corresponding t o  the  values 

obtained f o r  the minimum values of - 'd are of major importance i n  i n l e t  
61 

design. 

20 



Overall Development of a Boundary Layer 

Through an Incident-Reflecting Shock 

The intersection of an incident-reflecting shock with a turbulent boundary 
layer distorts the boundary-layer velocity profile and, as a result, the veloc- 
ity profile at station d is not an equilibrium profile; the value of Nd is 
lower than the value of The equilibrium profile index chosen for sta- 
tion d, as already pointed out, corresponds to the value of profile index which 
would be obtained on a flat plate with the same value of 
Appendix C, which presents the means of determining the chosen value of 
for station d, shows that the resulting equilibrium profile index is a function 
of the free-stream stagnation temperature TZ,t. The chosen value of Neq at 
station d is used in the calculation of the overall changes in all the boundary- 
layer thickness parameters (6 ,  8 ,  and 6*) from station 1 to the equilibrium 
station E downstream of station d. The chosen value Of Neq at station d is 

Neq. 

R e  as station d. 

Neq 

L 
also used in the calculation of the nondimensional distance 9, the distance 

required for the distorted velocity profile at station d to return to an equi- 
librium profile. Therefore, as some insight into the overall effect of the 
intersection of a shock with a boundary layer is of interest, computations were 

made for the overall thickness changes %, 2, and - as well as for 
the nondimensional distance for a free-stream stagnation temperature of 

310' K. 

61 

e Beq* 
61 81 61* 

61 

Computations for - Leq were made by using equation (9) along with the 
61 

values of - obtained from figure 19; the results of these computations are 
presented in figures 22(a) to 22(c). The values of K (fig. 13) used in equa- 
tion ( 9 )  correspond to a stagnation temperature of. 310° K. 
computations of show it behaves in the same manner as the thiclmess- 

change curves of figure 19; for example, the minimum values of each constant 

81 

The results of the 

81 

Mach number curve of Leq - occur at almost the exact turning angle of the 
61 

Leq OCCUTS 6d corresponding curve for -. A marked decrease in the value of - 
with increases in Mach number MZ,l or profile index ~1 (or Rxe). 

61 61 

6eq 
61 

Computations of the thickness ratio - were conducted by using equa- 
tion (10) and the curves for - of figure 19. These computations were 

61 
21 



conducted also for a free-stream stagnation temperature of 310° K and the 
results are presented in figures 23(a) to 23(c). 
change in momentum thickness between stations d and E (equilibrium profile 

A s  equation (10) ignores any 

'd station), the values of the ratio - would be identical with those for - 
81 '1 

of figure 20. However, the improvement in the profile from station d to sta- 
tion E does result in a change in the values of the displacement thickness; 
therefore, as a knowledge of the overall effect of the shocks on the displace- 

6*eq ment thickness is also of general interest, computations for - 
6*1 

made and are presented in figures &(a) to 24(c). 

were made by using the following equation: 

were also 

F*eq The computations for - 
6*1 

8* - 
6 where the values of 

- are obtained from figure 23. The values of used in equation (14) are 
obtained from figure 4 by using, to determine the station 1 values, the value 
of the profile index at station 1 and by using, to determine the station E 
values, the value of the profile index 

are determined from equation (14) and the values of 

61 m1 

Neq incorporated in equation (10). 

Upon comparing the results of the calculations for - (fig. 23) with 
81 

'd the results of the calculations f o r  - (fig. l9), it can be seen that a con- 
81 

siderable increase in boundary-layer thickness occurs between stations d and E. 
6*eq This is not the case, however, when the results of the calculations of - 
6*1 

(fig. 24) are compared with the results of the calculations of - '*d of fig- 

ure 21; the improvement in profile between stations d and E causes a decrease 
in the displacement thickness. 

6*1 

Practical Application Procedure for Changes in Profile Index 

and Thickness Parameters 

In order to utilize in a practical problem the various thickness param- 
eter change curves which are  furnished, two assumptions have to be made as to 
the boundary-layer flow problem being considered. First, the boundary-layer 
flow has to be assumed to be turbulent; and second, the boundary-layer flow 

22 



upstream of the incident-reflecting shock interaction with the boundary layer 
has to have an equilibrium flat-plate (zero pressure gradient) flow velocity 
profile. The calculation across the incident-reflecting shock when the fur- 
nished curves are used then follows these steps: 

(1) The momentum thickness at station 1 (fig. 1) is calculated by the 
most accurate means available and the value of R e 1  is determined. 

(2) By using the procedure outlined in appendix C, the Reynolds number Re1 
is converted to Rxe and the equilibrium profile index Neq,l for station 1 
is determined from f i v e s  2 and 3 .  

obtained from figure 13 corresponding to 

The value of (Neq,l)cp,M. is then 

Neq,l. 

( 3 )  The values of the boundary-layer thickness 61 and displacement thick- 
ness 61* at station 1 can then be computed through the use of 91 along with 
equations (11) and (14). 

(4) The change in the thickness parameters 6, E*, and 8 across an 
incident-reflecting shock with an incident shock-turning angle al is then 
determined from the appropriate set of curves (figs. l9(a) to l9(c) or 23(a) 
to 23(c); 20(a) to 20(c); 21(a) to 21(c) or @+(a) to 24(c)) by the use of 
Neq, 1, uz, and Mz,~. The change in the profile index across an incident- 
reflecting shock of incident shock turning angle 
set of profile index change curves (figs. l7(a) to l7(c)) by using 

ul is determined from the 

Neq,1, 

( 3 )  The value of the thickness parameter of interest downstream of the 
shock, whether at station d or station E, is obtained through multiplication 
of its station 1 value times the change read from the appropriate set of curves. 

An example calculation using this step-by-step outline is presented in 
complete detail in appendix E. 

CONCLUDING REMARKS 

There are two important features of the present method of calculation of 

The first of these features 
the changes in a boundary layer across an incident-reflecting shock which 
enhance its value over that of previous methods. 
is that the profile index change, and thus the profile change calculation, 
requires no information or knowledge of the boundary-layer thickness change. 
The second of these features i s  that a boundary-layer shock model is assumed to 
be of a type consistent with the boundary-layer development and shock configura- 
tion revealed by shadowgraph and schlieren observations of the actual phenomena. 

23 



Utilization of the two features stated in the previous paragraph in the 
calculation of the profile index change and boundary-layer thickness change 
give good agreement with data. For example, values of the profile index change 
calculated at Mach numbers 1.9 to 3.0 and turning angles up to U0 are found to 
agree with the data to within 10 percent or better; boundary-layer thickness- 
change data in the Mach number range 1.9 to 3.85, Reynolds number range (based 
on an equivalent length) of 107 to 10 8 , and for turning angles through the 
free-stream incident shock up to 130 also correlate to within 10 percent. 

The results of systematic computations of important boundary-layer param- 
eter changes from upstream of the shocks to two selected stations downstream of 
the shocks are presented in the form of curves which can be used for direct 
application. The two selected stations consist of the point where the theo- 
retical maxim pressure rise occurs on the wall and the point where the 
boundary-layer flow returns to an equilibrium profile. For these stations, 
systematic computations were made for the boundary-layer thickness, momentum 
thickness, and displacement thickness. In addition to the previously men- 
tioned computations, systematic computations for the profile index at the theo- 
retical maximum pressure point were made. Because of the limits imposed by 
experimental data for important empirical parameters, the present method of 
calculation is generally limited to a m a x i m  Mach number of 5.0. 

Systematic computations were also made for the nondimensional length - 
parameter - Leq. This parameter is defined as the length of plate required for 

61 
the distorted boundary layer at the maximum pressure point downstream of the 
shocks to return to an equilibrium velocity profile. 

thickness-change calculations, the calculations of - Leq are also limited to a 

maximMach number of 5.0. 

As was done in the 

61 

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Station, Hampton, Va., July 20, 1965. 
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APPENDIX A 

DETERMINATION OF EQUIVALENT MACH NUMBER 

A one-dimensional equivalent boundary-layer flow i s  derived as a function 

The expression f o r  t he  equivalent Mach 
of t he  p r o f i l e  index N and free-stream Mach number M 2  from equations f o r  t he  
t o t a l  mass flow, momentum, and energy. 
number function of t h i s  equivalent one-dimensional boundary-layer flow as 
derived i n  the  "mass momentum" method of reference 15 is  

where 

and 

In equations (A2) and ( A 3 )  the  s t a t i c  pressure across the  boundary layer  i s  
assumed t o  be constant and equal t o  the  l o c a l  free-stream s t a t i c  pressure.  

In  reference 15 the  t o t a l  temperature w a s  assumed t o  be constant across the  
boundary layer  but i n  the  present method the  t o t a l  temperature i s  allowed t o  
vary across the  boundary layer  and, thus,  the  ene rw equation must be included 
i n  t h e  analysis .  
incorporated i s  

The energy equation with the equivalent t o t a l  temperature 

where 
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and 

After rearranging equation (Ab) and assuming that the static enthalpy 

given by CpT and that - = (5)  
temperature is obtained: 

h is 

, an expression for the equivalent total vb 1/N 

vz 

Substitute equations ( E ) ,  (A3), and (A7) into equation (Al) and rearrange 
to obtain an expression for the equivalent Mach number function 
of the profile index N and free-stream Mach number: 

f(Me) in terms 

The parameters - - (P, and - ' are defined, respectively, as 
*Z' cp2 72 

The results of computations that were done for the parameters of equations (A9), 
(AlO), and (All) are presented in figures 4 to 6, respectively. 
tions of these parameters were performed on a digital computer by using the 

The calcula- 

26 

... . 



APPENDIX A 

following expressions f o r  vb - and - pb given i n  reference 8 f o r  adiabatic-wall 
vz p1 

conditions : 

The value of y 
e ry  f ac to r  r is assumed t o  be 0.896. 

i s  assumed t o  be 1 . 4  and the  

- RT] I 
value of t he  adiabatic-wall recov- 

27 
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6: EVALUATION OF BOUNDARY-LAYER THICKNESS - 
61 

The evaluation of the boundary-layer thickness - " by using the boundary- 
61 

layer shock models of figures 8 and 9 requires the values of the shock-wave 
angles and the corresponding turning angles of the boundary-layer shock models 

as well as the value of 

the corresponding turning angles of the boundary-layer shock models are pre- 
sented in the following table: 

- y1 from figures 10 and 11. The shock-wave angles and 
61 

I Shock-wave angle Turning angle 

The calculation of - " using the values of the shock-wave angles and the corre- 
sponding turning angles of the boundary-layer shock models depends on which of 
the three cases is applicable. The three cases and the corresponding equation 

of - " for each are: 

61 

61 

Case 1: For Y1 < 61 where 21 and 22 are indicated in figure 8(b), if 
22 

61 
Z2 h 21, then - is given by 

and - is given by 
61 

28 
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When 22, 2 1 ,  and Y1 satisfy the  conditions of case 1, the  following expres- 

% sion for - i s  used: 
61 

Case 2: For 22 < 2 1  and Y1 61 f i g .  8; eqs. ( B l )  and (B2) are used 

fo r  - , the  following equation f o r  - " i s  used: 
61 

Case 3: For l2 < Z1 and Y1 > (22 and l1 a re  indicated i n  

f i g .  9 ( b ) ) ,  t he  following equation f o r  - " i s  used: 
61 

with - given by 
61 

29 
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and - 21 given by 
61 

X + 

+ 
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DETERMINATION OF EQUIVALENT FLAT-PLATE REYNOLDS NUMBEX 

By def in i t ion ,  the f l a t -p l a t e  equivalent Reynolds number Rxe f o r  a given 
boundary-layer s t a t i o n  is  the  Reynolds number based on the  length of f la t  p l a t e  
(zero pressure gradient)  
Re ,  as the  flow i n  question, a t  t he  l o c a l  free-stream Mach number and t o t a l  tem- 
perature.  
the  average incompressible f r i c t i o n  coeff ic ient  and the  r a t i o  of compressible t o  
incompressible turbulent f r i c t i o n  coeff ic ient ,  

X e  required f o r  turbulent flow t o  produce the  same 

Based on t h i s  def in i t ion  of Rxe, and the  following assumptions f o r  

CF e - = -  
cF, i  et 

the  expression f o r  Rxe i s  given by 

‘F, i 2 

The incompressible average turbulent f r i c t i o n  coeff ic ient  CF,i i s  obtained 
from f igure  25(a),  which i s  based on equation (Cl), by using the  value of 
given by 

R e i  

R e  R e i  = 
CF/CF, i 

The r a t i o  of compressible t o  incompressible f r i c t i o n  coeff ic ient  - as 
cF.i  -,- 

obtained f r o m  reference 30 i s  given i n  f igures  26(a) t o  2 6 ( ~ )  as a function of 
Re,  Mz, and T Z , t .  The f l a t -p l a t e  equilibrium flow p ro f i l e  index Neq and 
equilibrium flow shape parameter (Heq), can then be determined by the  use of 
f igures  2, 3, and 14. 
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DETERMINATION OF REYNOLDS NUMBER Rgtt 

Reference 10 gives empirical curves, for boundary-layer separation, of 
the incident shock-turning angle as a function of Mach number and Reynolds 
number Rg"; the thickness 6" corresponds to the point in the boundary layer 

where '' - = 0.99. 

ence 10 to determine the separation curve of figure 17(b), a value of had 
to be determined corresponding to each Mach number and an N 1  value of 7. The 
value of R6" is calculated by using figures 2, 3, 4, 5, 15, 25(b), 27, and 
28(a) to 28(~) along with the profile index given in the text. Figure 27 shows 
the empirically determined relationship (along with some example experimental 
data) between the equilibrium profile index Neq and the ratio 

ures 28(a) to 28(~) give the ratio of compressible to incompressible friction 

Thus, in order to utilize the empirical curves of refer- 
v l  

Rglt 

6" .  fig- 6' 

coefficient - CF 
cF, i 

in terms of Rei, M2, and TZ,t as obtained from 

reference 30. 

The value of Re is determined from figures 2, 3; 25(b), and 28(a) to 
28(~) along with the following relationships: 

- 0.472 

The value of 2 is given by the relationship 6 
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where the value of 

and N = 7 and the  value of  - ' i s  determined from f igure  7 by using the  

value of Mi along with the value of N 

mined curve of f igure  15. The value of R6" i s  then given by 

i s  determined from f igure  4 by using the  value of M2 

92 
given by the empirically deter-  

'pI 'p2 

where 5 i s  determined from equation (D3)  and the  value of - i s  obtained 

from figure 27 and corresponds t o  t he  value of N = 7. 
6 6 
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CALCULATION USING F"ISHED BOUNDARY-LAYER 

THICKNESS-PARAMETER-CHANGE CURVES 

The following example calculation which follows the step-by-step procedure 
as stated in the text and which utilizes the various thickness-parameter-change 
curves furnished is presented: 

(1) The boundary-layer conditions at station 1 are: 

MZ,1 = 3.0 

T2,t = 310° K 

8 1  = 8.265 x meter 

newtons 
meter2 

~ 1 , ~  = 6.895 x 105 

R e 1  = 4.07 x lo3 (as determined from ref. 23) 

Incident shock-turning angle aZ = 80 

(2) Determination of Rxe: Equation (C3) gives 

R e  = 3.3 x 106 
'F 'F,i Rxe = 

For this example calculation, the value of - cF 
cF , i  

is 0.66 and is 
determined from figure 26(a) by using = 5.0 and 
R e 1  = 4.07 x lo3. 
ure 25(a) by using equation (C4) 

The value of CF,i is determined from fig- 
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Determination of Neq,l: The determination of Neq,l is accom- . 

plished through two steps: 
to obtain 

(1) enter figure 2 with R,, = 3.3 X lo6 
NLYl = 6.1to obtain NLYl = 6.1; (2) enter figure 3 with 

Neq,l = 7.0. 

Determination of (Neq,l)q,cpi : Enter figure 15 with Neq,l = 7.0 

= 7.14. 

(3) Determination 

In order to 

with Neq,l 

ure 5 with 

Then (t)l 

of El: Equation (11) gives 

s = m - c P  
m1 91 

determine (t)l from equation (u), enter figure 4 
= 7.0 and Ml,l = 3.0 to obtain ($)l; then enter fig- 

= 7.14 and MZY1 = 3.0 to obtain 
P e 4 P , Q ,  

is given by 

= 0.6852 - 0.6202 = 0.0650 w1 = ($)1 - w1 
The boundary-layer thickness 6 1  is then equal to 

01 61 = = 1.272 x meter 

Determination of 61*: Equation (14) gives 

Utilizing the information presented in step 3 yields 

(g)l = 1 - ($) = 1 - 0.6852 = 0.3148 
1 
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and the value of 6*1 is given by 

6*1 = 61(F)1 = 4.002 x 10-5 meter 

(4) Change in thickness parameters 6, 6*, and 8: 

(a) Change in 6: Enter figures l9(b) or 23(b) (curves for 
= 7.0) with Ml,l = 3.0 and az = 8' to obtain NeqJ1 

Ed 6eq 
61 61 
- = 0.716 or - = 0.968. 

(b) Change in 8: Enter figure 20(b) (curves for Neq,l = 7.0) 
8d with M2,1 = 3.0 and al = 8' to obtain - = 1.076. The 

momentum thickness change from station 1 to station E is 
assumed to be identical to the momentum thickness change from 
station 1 to station d. 

(c)  Change in 6*: Enter figures 21(b) or 24(b) (curves for 
= 7.0) with Mz,l = 3.0 and at, = 8O to obtain Neq J 

'*d 6* 
- = 0.866 or -9 = 0.712. 
6*1 '*eq 

(d) Change in N: Enter figure 17(b) (curves for Neq,l = 7.0) 

with M z J 1  = 3.0 and pZ 2 d = 3.008 (static-pressure rise 
p1,1 

through incident-reflect'ng shock with an incident shock- 
turning angle 3 of 8Of to obtain Nd = 3.34. 

(5) The values of the thickness parameters 6dJ 8d, and 6*d at 
station d are: 

6d = 61 61 'd = 9.11 x 10-4 meter 

= 8.90 x 10-6 meter 



APPEXDIX E 

The values of the thickness parameters Eeq, Qeq, and Exeq at 
station E are: 

= 8.90 x lo4 meter % 
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(a) Boundary-layer shock patterns and pressure distributions. 

Figure 1.- Boundary-layer shock configuration. 
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Shadow graph 

L- 65- 165 
(b) Example shadowgraph and schlieren pictures of an incident-reflecting shock-boundary-layer interaction 

for M = 3.20 and incident shock tu rn ing  angle of 80. 

Figure 1.- Continued. 
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Void r e g i o n  

(c) Analytical boundary-layer shock model. 

Figure 1.- Concluded. 
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Figure 2.- Exponential boundary-layer velocity profile parameter NL as a function of Reynolds number based on equivalent Xe. 
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(a) M i  between 1.25 and 5.75. 

Figure 4.- Plot of 6 =,s' d g )  as a funct ion of local free-stream Mach number M Z  and profile index N. 
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Figure 4.- Concluded. 
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(a) M i  between 1.25 and 5.75. 

Figure 5.- Plot of l!! =! $ dk) as a function of local free-stream Mach number M i  and profi le index N. 
0 PZVZ 
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Figure 7.- The difference between free-stream and boundary-layer effective Mach numbers as funct ions of 
free-stream Mach number M i  and profile index N. 
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Figure 7.- Concluded. 

52 



Boundary-layer shock j3' 
b,  2 

Boundary-layer shock $ ' 

T u r n i n g  a n g l e ,  a, + a, 7 7 Wall 
, b , l  \ Turn ing  a n g l e ,  % 

-/ 

Boundary-layer shock p A 
b ,  1 

ab Turn ing  a n g l e ,  

I- Expansion t u r n i n g  a n g l e ,  ab ' 
Boundary-layer shock b,2 

? 

% + a b  Turn ing  . a n g l e ,  

(a) 5 hocK waves. 

Figure 8.- Boundary-layer shock model for Y1 5 61. 
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(bl Shock angles. 

Figure 8.- Concluded. 
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Figure 9.- Boundary-layer shock model for Y1 > 61. 
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Figure 9.- Concluded. 
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1 
imposed on a plate by an incident-reflecting shock. 

Figure 12.- Plot of nondimensional length parameter Lt where Lt is the total length of the pressure gradient 
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Figure 14.- Compressible flow shape parameter $ as a function of profi le index N and free-stream Mach number Mi. 
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(a1 N1 = 5. 

Figure 17.- Curves for the profile index change from station 1 to station d. 
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Figure 17.- Continued. 
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Figure 17.- Concluded. 
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Figure 19.- Continued. 
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(c) ~1 = 9 or R~~ = 3.3 x 107. 

Figure 19.- Concluded. 
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(b)  N1 = 7 or Rxe = 3.3 X lo6. 

Figure 20.- Continued. 
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Figure 21.- Concluded. 
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Figure 22.- Calculated values of the nondimensional distance the distance required for a distorted velocity profi le 
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(b) N1 = 7 or Rxe = 3.3 X 106. 

Figure 22.- Continued. 
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Figure 22.- Concluded. 
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Figure 26.- Adiabatic-wail values of C for turbulent flow. 
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(b) Stagnation temperature Tz,t = 4770 K. 

Figure 26.- Continued. 
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Figure 26.- Concluded. 
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%, i 

0 



(b) Tz,t = 4770 K. 

Figure 28.- Continued. 
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